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Online Convex Optimization
<latexit sha1_base64="qbFvrHu13hzj2Kh9FYSi4MCZPWk="></latexit>

Protocol: Online Convex Optimization

1: given: (bounded) decision set W ⇢ Rd

2: for t = 1, . . . , T
3: Player chooses wt 2 W
4: Nature outputs convex loss `t : W ! R

[Zinkevich ’03]

<latexit sha1_base64="XgJoCjPPf0XNLU7RTyHfMrNduoI="></latexit>

RT (u) =
TX

t=1

`t(wt)�
TX

t=1

`t(u)Goal: minimize regret

No assumptions on how the losses are generated

Nature can be an adversary who knows the algorithm!



Email              , outcome 

Training a linear model to filter spams
Example: Online Spam Filtering

Regret: learn to filter as well as the ‘best’ linear model in hindsight

Proxy: Minimize loss: e.g., 
<latexit sha1_base64="YvV+B3xcJBYIVdWcyFGO1KvKJjk="></latexit>

`t : w 7! (yt � hw, xti)2

<latexit sha1_base64="AMbzAGj7LPOBZMd/bK1UIZcE8sE="></latexit>xtSpam Inbox

<latexit sha1_base64="sEziP/y+ESAkQdjXczvAfN+Pn3A="></latexit>

hwt, xti < 0
<latexit sha1_base64="ay8QcJlDfmMndtarOdxs4BflWz4="></latexit>

hwt, xti > 0

Get  from an OCO algorithm<latexit sha1_base64="CS5x4pgpWWey1oQqBxAK4ct8XhQ=">AAAB6nicbZC7SgNBFIbPxluMt0QrSbMYBKuwK6IWFgEbywTNBZIlzE5mkyGzs8vMWSUseQQbC0VsfR4LO30aJ5dCE38Y+Pj/c5hzjh8LrtFxvqzMyura+kZ2M7e1vbO7ly/sN3SUKMrqNBKRavlEM8ElqyNHwVqxYiT0BWv6w+tJ3rxnSvNI3uEoZl5I+pIHnBI01u1DF7v5klN2prKXwZ1DqVLoFL9rhx/Vbv6z04toEjKJVBCt264To5cShZwKNs51Es1iQoekz9oGJQmZ9tLpqGP72Dg9O4iUeRLtqfu7IyWh1qPQN5UhwYFezCbmf1k7weDSS7mME2SSzj4KEmFjZE/2tntcMYpiZIBQxc2sNh0QRSia6+TMEdzFlZehcVp2z8tnNbdUuYKZslCEIzgBFy6gAjdQhTpQ6MMjPMOLJawn69V6m5VmrHnPAfyR9f4DRCuQvA==</latexit>wt

<latexit sha1_base64="9V7HoBHFMfige7IZXxP3w9pgEfE="></latexit>

xt 2 Rd
<latexit sha1_base64="UtraF/2HXzFd9YTWf1thhzYk2to="></latexit>

yt = 1� 2 · 1{xt is spam} 2 {�1,+1}



- Prediction with Expert Advice [Freund and Schapire ’97]


- Portfolio Selection [Cover ’91]


- Online Routing 


- Batch Optimization


- … and many more

see surveys by [Hazan ’16, Orabona ’19]
Plenty of Other Examples



Worst-Case Regret in OCO
Theorem: Minimax Rates for OCO

<latexit sha1_base64="HSnDtMt8GQawrdhOg6/HQncVkeI="></latexit>

min
Alg

max
`1:T

RT ⇣ DG
p
T

<latexit sha1_base64="AkdHJUl8caiVmforANk1XhZQlRA="></latexit>

D  is the diameter of 
<latexit sha1_base64="H+iSa5vUjMVEq+Go7s7ZHhFvskQ="></latexit>

W
<latexit sha1_base64="Vj0qEiwJSVdLdPh6TNYhefvMOOQ="></latexit>

G > kgsk

<latexit sha1_base64="P/Sp3mdVOcTKEEiUgp2w8Z3fX8I="></latexit>

TX

t=1

`t(wt)� `t(u) 6
TX

t=1

hr`t(wt), wt � ui

<latexit sha1_base64="ctbsU9fNWBLV0nj4PPDCHGY/kM8="></latexit>

gs := r`s(ws)

(Online Gradient Descent (aka SGD) also reaches the minimax rates)

<latexit sha1_base64="Y3lLsNAW5EO/Vg9qpm17Z3+5OZ8="></latexit>

wt 2 argmin
w2W

⇢ t�1X

s=1

hgs, wi+
kwk2

⌘t

�
Upper bound: FTRL

<latexit sha1_base64="3DirJv399dtrKgY15FIYPzLOmP0="></latexit>

⌘t =
D

G
p
T

Lower bound: linear losses, pure noise (nothing to learn)

Linearized regret



- Small gradients [Zinkevich’03, Duchi’10], Small comparator 
[Orabona, Cutkosky]


- Both [Mhammedi, Koolen ’20,  Mayo, Hadiji, van Erven ’22]


- Predictable gradients [Rakhlin, Sridharan’13]


- Many more… (curved losses, extra information available, etc.)

Easy Data

This work:  
losses = (smooth) stochastic + slowly-varying adversarial

Losses are often far from worst-case



Stochastic Optimization, Online-to-Batch
Stochastic Data

<latexit sha1_base64="Pfs+nQ/tg6NsP6dUlXvrP1+D+Ec="></latexit>

wT =
1

T

TX

t=1

wt

<latexit sha1_base64="CLP2mNchgpEfsw3FCDfNgoWvnSM="></latexit>

E
⇥
F (wT )

⇤
� min

u2W
F (u) 6 1

T
E
 TX

t=1

F (wt)� F (w?)

�

<latexit sha1_base64="NFjyW58aFh3YyqjCbvLsmR9odvg="></latexit>

=
1

T
E
 TX

t=1

`t(wt)� `t(w
?)

�
=

E
⇥
RT (w?)

⇤

T
6 DGp

T

<latexit sha1_base64="rt9xhydKQgkxRLiA6GX08je+/4w="></latexit>

E
⇥
`t(x)

⇤
= F (x)

<latexit sha1_base64="fi3mBKI51alZWz7l8nKtKBXpq1c="></latexit>

for all tLosses from i.i.d data 

 Learner gets  from an OCO algorithm<latexit sha1_base64="CS5x4pgpWWey1oQqBxAK4ct8XhQ=">AAAB6nicbZC7SgNBFIbPxluMt0QrSbMYBKuwK6IWFgEbywTNBZIlzE5mkyGzs8vMWSUseQQbC0VsfR4LO30aJ5dCE38Y+Pj/c5hzjh8LrtFxvqzMyura+kZ2M7e1vbO7ly/sN3SUKMrqNBKRavlEM8ElqyNHwVqxYiT0BWv6w+tJ3rxnSvNI3uEoZl5I+pIHnBI01u1DF7v5klN2prKXwZ1DqVLoFL9rhx/Vbv6z04toEjKJVBCt264To5cShZwKNs51Es1iQoekz9oGJQmZ9tLpqGP72Dg9O4iUeRLtqfu7IyWh1qPQN5UhwYFezCbmf1k7weDSS7mME2SSzj4KEmFjZE/2tntcMYpiZIBQxc2sNh0QRSia6+TMEdzFlZehcVp2z8tnNbdUuYKZslCEIzgBFy6gAjdQhTpQ6MMjPMOLJawn69V6m5VmrHnPAfyR9f4DRCuQvA==</latexit>wt

Conversely, given , learner can simulate an optimization algorithm
<latexit sha1_base64="escGTGSli3Q3+ZDY4wcJXHZc6/4=">AAACAnicbVC7SgNBFJ2Nrxhfq1aixWAQYmHYFVELi4CNZQTzgOyyzE5ukiGzD2dmhbAEG/t8hY2FIrZWfoKdH2Lv5FFo4oELh3Pu5d57/JgzqSzry8jMzS8sLmWXcyura+sb5uZWVUaJoFChEY9E3ScSOAuhopjiUI8FkMDnUPO7l0O/dgdCsii8Ub0Y3IC0Q9ZilCgteeZOwQHOPXnopdLhcCs5CRVWR3bfM/NW0RoBzxJ7QvKlvYFT+P4YlD3z02lGNAkgVJQTKRu2FSs3JUIxyqGfcxIJMaFd0oaGpiEJQLrp6IU+PtBKE7cioUsfMFJ/T6QkkLIX+LozIKojp72h+J/XSFTr3E1ZGCcKQjpe1Eo4VhEe5oGbTABVvKcJoYLpWzHtEEGo0qnldAj29MuzpHpctE+LJ9d2vnSBxsiiXbSPCshGZ6iErlAZVRBF9+gRPaMX48F4Ml6Nt3FrxpjMbKM/MN5/AIQsmpI=</latexit>

(`s)s6t�1



If  is smooth: optim error  improves to <latexit sha1_base64="m5oM3EI54x58uCX8UnGMXpnIHes=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozKupKA4K4TMA8IBlCT6cmadPzoLtHCEO+wI0LRdz6K/6BO//GziQLTbzQcLi3iq4qLxZcadv+tnJLyyura/n1wsbm1vZOcXevoaJEMqyzSESy5VGFgodY11wLbMUSaeAJbHrDm0nefESpeBTe61GMbkD7Ifc5o9pYtdtusWSX7UxkEZwZlK4/TzNVu8WvTi9iSYChZoIq1XbsWLsplZozgeNCJ1EYUzakfWwbDGmAyk2zQcfkyDg94kfSvFCTzP3dkdJAqVHgmcqA6oGazybmf1k70f6lm/IwTjSGbPqRnwiiIzLZmvS4RKbFyABlkptZCRtQSZk2tymYIzjzKy9C46TsnJfPak6pcgVT5eEADuEYHLiACtxBFerAAOEJXuDVerCerTfrfVqas2Y9+/BH1scPk/SPAA==</latexit>

F
<latexit sha1_base64="wPyxnH6sosohv9IhfFDvIo2hAtM="></latexit>

O

⇣
DGp
T

⌘ <latexit sha1_base64="6W+u+ZDWUlDEiaKRw7k1PDvTX0o="></latexit>

O

⇣
D�p
T
+ LD2

T 2

⌘

Faster Rates with Smoothness 
Stochastic Data

[Allen-Zhu, Orecchia ’17]

i.e., replace magnitude of the largest gradient with variance

<latexit sha1_base64="0Ehl7qAQ40E/OuXk8L8JUyF2wpc="></latexit>

w 7! rF (w)
<latexit sha1_base64="MdSnT5Ne1AoAz4f864shQr2epqg="></latexit>

L -LipschitzisSmoothness:

Regret should scale as
<latexit sha1_base64="Yj4y2rEeYY2CIIl8ZHxHw4JyGCs="></latexit>

E[RT ] 6 O
�
D�

p
T + LD2

�

<latexit sha1_base64="GFI3VT98980U0QX6tgGeEG1BaqQ="></latexit>

�2 > E
⇥
kgt �rF (wt)k2

⇤
where



• (Adversarial) Online Convex Optimization: 
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Stochastic Extended Adversary
<latexit sha1_base64="RO70eLVLu0IvqDsy6BEkjTv0zDI="></latexit>

Protocol: OCO with a Stochastic Extended Adversary

1: given: (bounded) decision set W ⇢ Rd

2: for t = 1, . . . , T
3: Player chooses wt 2 W
4: Adversary picks distribution Dt over convex losses, outputs `t ⇠ Dt

Goal: minimize 

expected regret 

<latexit sha1_base64="kOLgx3UndoHZ1ddfRLMxlEHYhCA="></latexit>

E[RT (u)] = E
"

TX

t=1

`t(wt)� `t(u)

#

<latexit sha1_base64="z2N+sgw3rKhy5MoPj4o24lG+RdY="></latexit>

D1 = · · · = DT

<latexit sha1_base64="WnqOvLQw3CJXQQmCHCufWhI29c8="></latexit>

Dt = �`tFully Adversarial 

Stochastic
<latexit sha1_base64="ZvXYUYNt6iYgz4d8W2ZuS91XSGE="></latexit>

{Generalizes



Exploiting Regularity/Predictability of the Data
Algorithm: Optimistic FTRL

<latexit sha1_base64="CNs+r5mkwtZWziGOsnKCzTQ6KuM="></latexit>

wt 2 argmin
w2W

(
t�1X

s=1

hgs, wi+hMt, wi+
kwk2

⌘t

)
Optimistic FTRL

[Rakhlin, Sridharan ’13]

Smoothness of expected losses:  in expectation<latexit sha1_base64="Zr5E64zGWxLIqhKEg5s3FHNZl3c=">AAAB/HicbVDLSsNAFJ3UV62vaJe6GCyCG0siYl1JwY3LCvYBaQiT6aQdOnkwcyOGUL/CjSs3LhRx64e482+cPhbaeuDC4Zx7ufcePxFcgWV9G4Wl5ZXVteJ6aWNza3vH3N1rqTiVlDVpLGLZ8YligkesCRwE6ySSkdAXrO0Pr8Z++45JxePoFrKEuSHpRzzglICWPLPc9wB3SZLI+B73vRxO7JFnVqyqNQFeJPaMVOoHT4+OqJGGZ351ezFNQxYBFUQpx7YScHMigVPBRqVuqlhC6JD0maNpREKm3Hxy/AgfaaWHg1jqigBP1N8TOQmVykJfd4YEBmreG4v/eU4KwYWb8yhJgUV0uihIBYYYj5PAPS4ZBZFpQqjk+lZMB0QSCjqvkg7Bnn95kbROq/Z59ezGrtQv0RRFtI8O0TGyUQ3V0TVqoCaiKEPP6BW9GQ/Gi/FufExbC8Zspoz+wPj8AQg+l1M=</latexit>gt ⇡ gt�1

Better bounds if    ( but  is chosen before  )<latexit sha1_base64="AHrKPtax89pO2YecGGVzjUVCTBM=">AAAB+HicbVC7SgNBFJ2NrxgfWbWwsBkMglXYFVELkYCNjRDBPCBZltnJbDJkdnaZuSvGkC+xsVDEVv/Ezg+wzTc4eRSaeODC4Zx7ufeeIBFcg+N8WZmFxaXllexqbm19YzNvb21XdZwqyio0FrGqB0QzwSWrAAfB6oliJAoEqwXdy5Ffu2NK81jeQi9hXkTakoecEjCSb+evfcBNkiQqvsdtH3y74BSdMfA8caekUNodDvPnH99l3/5stmKaRkwCFUTrhusk4PWJAk4FG+SaqWYJoV3SZg1DJYmY9vrjwwf4wCgtHMbKlAQ8Vn9P9EmkdS8KTGdEoKNnvZH4n9dIITzz+lwmKTBJJ4vCVGCI8SgF3OKKURA9QwhV3NyKaYcoQsFklTMhuLMvz5PqUdE9KR7fuIXSBZogi/bQPjpELjpFJXSFyqiCKErRI3pGL9aD9WS9Wm+T1ow1ndlBf2C9/wDAMpbp</latexit>

Mt ⇡ gt
<latexit sha1_base64="j4m8vAvAcV5f/X+DzixGHhJeDY0=">AAAB6nicbZDLSsNAFIZPvNbWS61LN8EqdFUSEXUlBTduhIr2Am0ok+mkHTqZhJkToYT6BLpxoRS3PpE738bpZaGtPwx8/P85zDnHjwXX6Djf1srq2vrGZmYrm9ve2d3L7xfqOkoUZTUaiUg1faKZ4JLVkKNgzVgxEvqCNfzB9SRvPDKleSQfcBgzLyQ9yQNOCRrr/raDnXzRKTtT2cvgzqFYKYyfn0rHuWon/9XuRjQJmUQqiNYt14nRS4lCTgUbZduJZjGhA9JjLYOShEx76XTUkX1inK4dRMo8ifbU/d2RklDrYeibypBgXy9mE/O/rJVgcOmlXMYJMklnHwWJsDGyJ3vbXa4YRTE0QKjiZlab9okiFM11suYI7uLKy1A/Lbvn5bM7t1i5gpkycAhHUAIXLqACN1CFGlDowQu8wbslrFdrbH3MSlesec8B/JH1+QNJNJAG</latexit>

Mt
<latexit sha1_base64="Vl34BQtLa6eZJrfDWrm1vG/APYM=">AAAB6nicbZC7SgNBFIbPxluMl0QtLGwWg2AVdkXUQiRgYxnRXCBZwuxkNhkyO7vMnBXCkkewsVDE1jfwTex8ANs8g5NLoYk/DHz8/znMOcePBdfoOF9WZml5ZXUtu57b2Nzazhd2dms6ShRlVRqJSDV8opngklWRo2CNWDES+oLV/f71OK8/MKV5JO9xEDMvJF3JA04JGuuu28Z2oeiUnInsRXBnUCzvj0b5y4/vSrvw2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpZNShfWScjh1EyjyJ9sT93ZGSUOtB6JvKkGBPz2dj87+smWBw4aVcxgkySacfBYmwMbLHe9sdrhhFMTBAqOJmVpv2iCIUzXVy5gju/MqLUDspuWel01u3WL6CqbJwAIdwDC6cQxluoAJVoNCFR3iGF0tYT9ar9TYtzViznj34I+v9B9W5keo=</latexit>gt

Adaptive tuning of the learning rate, à la AdaHedge [de Rooij et al. ’11]



- Fully adaptive (only input is D)


-                       


- Key technical ingredient: keeping negative stability terms in 
analysis (à la [Nemirovski ’05])

O-FTRL and the SEA

Theorem: Optimistic AdaFTRL Regret Bound
<latexit sha1_base64="NAI4d+vNyChnV511jsvUXZcgUbc="></latexit>

E[RT (u)] 6 O

 
D

vuut
TX

t=1

�2
t +

T�1X

t=1

sup
w2W

krFt(w)�rFt+1(w)k2 + C

!

<latexit sha1_base64="qD32X5J4omOM3x760voOyLRCI3k="></latexit>

C = C(G,L)

Assumptions: 
<latexit sha1_base64="3SLwUfC6yvbq6U7eppwrbl+ogVk="></latexit>

Ft : w 7! Et[`t(w)] is L-smooth
<latexit sha1_base64="1qV2giPfWxZpO3JfUpL6amVV16Y="></latexit>

Et

⇥
kr`t(w)�rFt(w)k2

⇤
6 �2

t

<latexit sha1_base64="L+H0wH834EX7XH6qjFl5o6dpbOk="></latexit>

Et[ · ] := E`t⇠Dt [ · ]



(up to constants and additive terms)
Analysis

<latexit sha1_base64="DDmQu3RUcfyYF2Tl2CGC93GE74E=">AAADiXicdVNNbxMxEHUaCmXLRwoHDlwsKqRCS8hGCCokUKW2EpeKEKUfUpysvM5ka9VrL7aXNtr4p/CnuPFHEEe8m4o2KYy01tO8mdmZ8XOcCW5sq/WztlS/tXz7zsrdYPXe/QcPG2uPjozKNYNDpoTSJzE1ILiEQ8utgJNMA01jAcfx2W7JH38DbbiSPTvJYJDSRPIxZ9R6V9QQ3ai3kb/ARMBXTMaasmJv2HYFAUujnsObmJ g8jQr7IXTDHq7cFpNp4s9X+CCyZDpsYw9nuWR6XhHnPmMzdCXpivYsy+Gosd5qtirDN0F4CdZ3dp9Mh79ef+9Ea0vLZKRYnoK0TFBj+mErs4OCasuZABeQ3EBG2RlNoO+hpCmYQVGtxeHn3jPCY6X9Jy2uvNczCpoaM0ljH5lSe2oWudL5L66f2/H2oOAyyy1I5ubzRKI0t6fpFmY0K5c836VUIEeDMiwzkPvh1Aj+U4Gzi3nmYjZYEARkD/w+NBz43j5noKlV+mVBqE5SLp3fT0K2SuQjx0JRWy7mqrArOlpZ/2vh60s4ZypNqRwVpOsvvhw3jnF3gdq/ovbLshqus149rjqNoNK6RTqp6OQvHVR3M84FtgqXssQjroFZMfGAMt8kZ5idUi8p68UbeOGEizK5CY7azfBt880Xr6CPaGYr6Cl6hjZQiN6hHfQJddAhYugH+l2r+Ve1Wg/r2/X3s9Cl2mXOYzRn9d0/DhkqoQ==</latexit>

RT (u) 6
D2

⌘T
+

TX

t=1

⌘tkgt �Mtk2 �
kwt � wt+1k2

2⌘t

<latexit sha1_base64="vojtAHlkdEHAgYfc4oXTQYZV4q4="></latexit>

E
⇥
RT (u)

⇤
6 D

vuut
TX

t=1

E
⇥
kgt � gt�1k2

⇤
� E

 TX

t=1

kwt � wt+1k2

2⌘t

�

<latexit sha1_base64="iPZNW8L6DRaSlwaPLgW3CIirSAc="></latexit>

RT (u) 6 D

vuut
TX

t=1

kgt � gt�1k2 �
TX

t=1

kwt � wt+1k2

2⌘t

O-FTRL Analysis

Adaptive Learning Rate

Usually thrown away

<latexit sha1_base64="5kO8Ov3y3l792ZJMjNAm4HtaHso="></latexit>

Mt = gt�1



Analysis II
<latexit sha1_base64="vojtAHlkdEHAgYfc4oXTQYZV4q4="></latexit>

E
⇥
RT (u)

⇤
6 D

vuut
TX

t=1

E
⇥
kgt � gt�1k2

⇤
� E

 TX

t=1

kwt � wt+1k2

2⌘t

�

<latexit sha1_base64="mz3gCF20aQhxyKgV6ZVvtY/SBy0=">AAAEKXichVNPb9MwFE9aBiMDtsKRi0XF1EFXtVMFnNAk2MQFUSa6TapL5LivqTXHDrbDVqX5HlzhyqfhBlz5IjhpRf+MgaVET78/z+/Zz0HMmTbN5g+3VL62dv3G+k1v49btO5tblbvHWiaKQpdKLtVpQDRwJqBrmOFwGisgUcDhJDh7kfMnH0FpJsU7M46hH5FQsCGjxFjIr7gbeBL6Bu2i0E/NbivDk/d7HubwAW2jNsIBC2 </latexit>

kgt � gt�1k2 64
�
kr`t(wt)�rFt(wt)k2

+ krFt(wt)�rFt(wt�1)k2

+ krFt(wt�1)�rFt�1(wt�1)k2

+ krFt�1(wt�1)�r`t�1(wt�1)k2
�

Bounded in expectation by 

<latexit sha1_base64="vyfueexmJ/dmRSz1S/jQTyp9q5k="></latexit>

L2kwt � wt�1k2

<latexit sha1_base64="5Kdcb5Xm7AeFbbOgjr+cOQRVUEo="></latexit>

�2
t

<latexit sha1_base64="Tfukm39AlVglSPY/awNfK0ut0/o="></latexit>

�2
t�1

Itself

Use negative terms to cancel
<latexit sha1_base64="9iXTYUMniuOBXka0AldI7BdwEyg="></latexit>

D

vuutL2

TX

t=1

E
⇥
kwt � wt�1k2

⇤
� 1

⌘1

TX

t=1

kwt � wt�1k2

<latexit sha1_base64="u0XTA8HlYp0Hg8RNIicnVPt831Q="></latexit>

6 sup
X2R

⇢
LDX � X2

2⌘1

�
=

L2D2⌘1
2



Application: Random Order OCO
[Garber et al. ’20, Sherman et al. ’21]

<latexit sha1_base64="AXbJ1uONjEY25LLrPA+4HD45Q04="></latexit>

F (w) =
1

T

TX

s=1

`s(w)Almost i.i.d. with expected loss                                     but not quite

<latexit sha1_base64="8PpIN/08eii/oK4PVYMCcc3BobY="></latexit>

L = {`s | s 2 [T ]}
Adversary selects a set of loss functions, but not the order

Fits in the SEA framework:  is the -th observed loss
<latexit sha1_base64="kjYdY6K5IcLnmWHuhdOkjbcwC2I=">AAAB7XicbZDLSgMxFIbP1Futt6pLXQSLUDdlRkRduCi4cVnBXqAzlEyatrGZZEgyQhn6DHXjQhG3voeP4M4HcW96WWjrD4GP/z+HnHPCmDNtXPfLySwtr6yuZddzG5tb2zv53b2alokitEokl6oRYk05E7RqmOG0ESuKo5DTeti/Huf1B6o0k+LODGIaRLgrWIcRbKxV82NW1CetfMEtuROhRfBmUCgfjvzi98eo0sp/+m1JkogKQzjWuum5sQlSrAwjnA5zfqJpjEkfd2nTosAR1UE6mXaIjq3TRh2p7BMGTdzfHSmOtB5Eoa2MsOnp+Wxs/pc1E9O5DFIm4sRQQaYfdRKOjETj1VGbKUoMH1jARDE7KyI9rDAx9kA5ewRvfuVFqJ2WvPPS2a1XKF/BVFk4gCMoggcXUIYbqEAVCNzDIzzDiyOdJ+fVeZuWZpxZzz78kfP+A+ZXkmQ=</latexit>

⇡(s) <latexit sha1_base64="wYAde7GGcKjVDRG/FV+QE7TPAb4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7ImohGLCxTMBcIFnC7ORsMmb2wsysEJaUVjYWitj6FLa+gp3PoA/h5FJo9IeBj/8/hznneLHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqqh2vmAX7bHIX3CmUDh/+7zdfa18ldv591YnYkmAoWaCKtV07Fi7KZWaM4HDXCtRGFPWp11sGgxpgMpNx4MOyb5xOsSPpHmhJmP3Z0dKA6UGgWcqA6p7ajYbmf9lzUT7p27KwzjRGLLJR34iiI7IaGvS4RKZFgMDlEluZiWsRyVl2twmZ47gzK78F2qHRee4eFRxCqUzmCgLO7AHB+DACZTgEspQBQYId/AAj9a1dW89Wc+T0ow17dmGX7JevgHws5F6</latexit>s

Sampling with replacement vs. Sampling without replacement

<latexit sha1_base64="HqKHqMv+58b7VR4sRJ9HKTa2NAA="></latexit>

Ft(w) =
1

T � t+ 1

TX

s=t

`⇡(s)(w)
<latexit sha1_base64="4O+XQidK0ov8FTJSfCr2hVsh3r0="></latexit>

Dt = Unif
�
L \ {`⇡(1), . . . , `⇡(t�1)}

�
,

Practitioners shuffle their data before optimization



Analysis
Random Order OCO II

Theorem: Random Order OCO
<latexit sha1_base64="VFcODflcQrDEJFX6hF5hivbvmXo="></latexit>

E
⇥
RT

⇤
6 O

 
D�

r
T log

⇣G
�

^ T
⌘
+ C

!

<latexit sha1_base64="By4g7Se7XL5XZUuUhK2TuUXTUhc="></latexit>

�2 = max
w2W

1

T

TX

t=1

����r`t(w)�
1

T

TX

s=1

r`s(w)

����
2

<latexit sha1_base64="G/31jSV/2TCfk+yMxgNgw+Q7Xio="></latexit>

krFt(x)�rFt�1(x)k2 6 4G2

(T � t+ 2)2
<latexit sha1_base64="En8d8clIaGrBfu7W1GUY8ABhSn4="></latexit>

�2
t 6 T

T � t+ 1
�2

<latexit sha1_base64="huxB+wfnKY096rhOn+7t4rz+sRk="></latexit>

E[�2
t ] 6

1

T

TX

t=1

max
x2W

����r`t(x)�
1

T

TX

s=1

r`s(x)

����
2

6 (T�2) ^ (2G2)

Proof: a few lines

i.i.d. rate up to the log factor



• Adversarially perturbed stochastic data: 


•   is smooth and  are small adversarial perturbations<latexit sha1_base64="m5oM3EI54x58uCX8UnGMXpnIHes=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozKupKA4K4TMA8IBlCT6cmadPzoLtHCEO+wI0LRdz6K/6BO//GziQLTbzQcLi3iq4qLxZcadv+tnJLyyura/n1wsbm1vZOcXevoaJEMqyzSESy5VGFgodY11wLbMUSaeAJbHrDm0nefESpeBTe61GMbkD7Ifc5o9pYtdtusWSX7UxkEZwZlK4/TzNVu8WvTi9iSYChZoIq1XbsWLsplZozgeNCJ1EYUzakfWwbDGmAyk2zQcfkyDg94kfSvFCTzP3dkdJAqVHgmcqA6oGazybmf1k70f6lm/IwTjSGbPqRnwiiIzLZmvS4RKbFyABlkptZCRtQSZk2tymYIzjzKy9C46TsnJfPak6pcgVT5eEADuEYHLiACtxBFerAAOEJXuDVerCerTfrfVqas2Y9+/BH1scPk/SPAA==</latexit>

F <latexit sha1_base64="Tc/7nIGCqe3MGV3EDuhIcCEoOec=">AAAB6nicbZDLSsNAFIZP6q22XmpduglWoauSiKgrKbhxWdFeoA1lMp20QyeTMHMilFCfQDculOLWJ3Ln2zi9LLT1h4GP/z+HOef4seAaHefbyqytb2xuZbdz+Z3dvf3CQbGho0RRVqeRiFTLJ5oJLlkdOQrWihUjoS9Y0x/eTPPmI1OaR/IBRzHzQtKXPOCUoLHuaRe7hZJTcWayV8FdQKlanDw/lU/ytW7hq9OLaBIyiVQQrduuE6OXEoWcCjbOdRLNYkKHpM/aBiUJmfbS2ahj+9Q4PTuIlHkS7Zn7uyMlodaj0DeVIcGBXs6m5n9ZO8Hgyku5jBNkks4/ChJhY2RP97Z7XDGKYmSAUMXNrDYdEEUomuvkzBHc5ZVXoXFWcS8q53duqXoNc2XhCI6hDC5cQhVuoQZ1oNCHF3iDd0tYr9bE+piXZqxFzyH8kfX5A2q4kBw=</latexit>ct

Application: Adversarial Perturbations
<latexit sha1_base64="HeCFUHC6cF0+cm5GMSYpi6UZ8c8="></latexit>

Et[`t(w)] = F (w) + ct(w)

Theorem: Regret against Perturbed Losses
<latexit sha1_base64="ETdW4NmM+n2VfdF8WGA4AZBFCSg="></latexit>

E[RT (u)] 6 O

 
D�

p

T +D

vuut
TX

t=1

sup
w2W

krct(w)k2 + C

!

Corollary: Regret against ``True’’ Losses
<latexit sha1_base64="ctdyY5Zmo/H74qa5edATBNC76lA="></latexit>

E
"

TX

t=1

F (wt)� F (w)

#
6 O

 
D�

p

T +D
TX

t=1

sup
w2W

krc(w)k+ C

!



- In the paper: 


- Strong convexity


- Lower bounds


- Future Work 


- In practice, SGD performs well: extend analysis and identify its limits


- Bounded regret for stochastic experts with perturbations (Ito ’21): 
unifying analysis + optimality with arbitrary decision set?


- Unifying analyses that keep the negative terms (acceleration, games)


- Dynamic regret, Minimax Optimization


- Improve applications/find lower bounds

More in the paper and Future Work



Thank you!


