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Introduction

Online learning/Online optimization


• Data/Objective coming in a 
stream, as the optimization is 
made

Federated learning


• Multiple agents collaborating 
to learn 

Adaptive algorithms


• As little manual tuning as possible 



(Unconstrained) Online Convex Optimization
Setting 

- Player picks action  


- Adversary reveals loss 
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wt 2 Rd
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`t

 Zinkevich ‘03, McMahan Streeter ’12, Orabona ’19, Hazan ’19

Minimize regret   

Adversary prepares a sequence of convex loss functions   
At every time step:
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`t : Rd ! R

<latexit sha1_base64="NBlFTyERmfLgXYwxkG0ZuUgC2JU="></latexit>

RT (u) =
TX

t=1

`t(wt)� `t(u) 6
TX

t=1

hwt � u,r`t(wt)i



• Prediction with expert advice. Actions: -simplex, linear losses


• Online (supervised) learning: choose  to predict , suffer loss 


• Convex/Stochastic optimization 


• Portfolio selection, applications to boosting, learning equilibria in repeated  
games, etc. 


• Generalizations: partial information, non-stationary regret, robustness, delays, …
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d
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`(wt, yt)

<latexit sha1_base64="C4EXtJvqjBXhL6i73/e33RJCXUc=">AAACAnicbVDJSgNBEO2JW4zbuFzES2MQIkiYEVEvQkDQHCOYBTJh6Ol0kiY9C901YhyCF3/Fi4eIePUrvHn0T+wsB018UPB4r4qqel4kuALL+jJSc/MLi0vp5czK6tr6hrm5VVFhLCkr01CEsuYRxQQPWBk4CFaLJCO+J1jV614O/eodk4qHwS30ItbwSTvgLU4JaMk1dx0mhAv4Al/lsEObIRxh5567cOiaWStvjYBniT0h2ULu4ft6sJOUXPPTaYY09lkAVBCl6rYVQSMhEjgVrJ9xYsUiQrukzeqaBsRnqpGMXujjA600cSuUugLAI/X3REJ8pXq+pzt9Ah017Q3F/7x6DK3zRsKDKAYW0PGiViwwhHiYB25yySiIniaESq5vxbRDJKGgU8voEOzpl2dJ5Thvn+ZPbuxsoYjGSKM9tI9yyEZnqICKqITKiKJH9IwG6NV4Ml6MN+N93JoyJjPb6A+Mjx8RbJj6</latexit>

`t = F (·, ⇠t)

Examples (see e.g. Cesa-Bianchi, Lugosi ’06; Hazan ’19)
Online Convex/Linear Optimization



Main algorithm: Online Gradient Descent
Fixed step-size analysis (Zinkevich ’03)

Parameters:  
- step-size   
- 

<latexit sha1_base64="dt5tYua4d+L6usw9S+ATHXoc4GI=">AAAB73icbZC7SwNBEMbn4ivGV9TSZjEErMKdiFpJwCZlBPOA5Ah7m7lkyd7D3T0hHEGwtbOxUMSU/jt2/jduHoUmfrDw4/tm2JnxYsGVtu1vK7Oyura+kd3MbW3v7O7l9w/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4nuSNe5SKR+GtHsboBrQXcp8zqo3VbKOm5IrYnXzBLtlTkWVw5lAoF4pPjw/jcbWT/2p3I5YEGGomqFItx461m1KpORM4yrUThTFlA9rDlsGQBqjcdDrviBSN0yV+JM0LNZm6vztSGig1DDxTGVDdV4vZxPwvayXav3RTHsaJxpDNPvITQXREJsuTLpfItBgaoExyMythfSop0+ZEOXMEZ3HlZaiflpzz0tmNUyhXYKYsHMExnIADF1CGClShBgwEPMMrvFl31ov1bn3MSjPWvOcQ/sj6/AEp8pJw</latexit>

⌘ > 0
<latexit sha1_base64="nccEdeUJ+uLtPk/c5tatbcMNSWA=">AAAB7nicbZDLSgMxFIbP1Futt6pLEYJFcFVmRNSNUHDTZQV7gXYomTTThmYyQ3JGqaUP4caFIm59Dh/BnStfxfSy0NYfAh//fw455wSJFAZd98vJLC2vrK5l13Mbm1vbO/ndvZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH89zut3XBsRq1scJNyPaFeJUDCK1qrftz1yRdx2vuAW3YnIIngzKJQOPx6Ykd+Vdv6z1YlZGnGFTFJjmp6boD+kGgWTfJRrpYYnlPVplzctKhpx4w8n447IsXU6JIy1fQrJxP3dMaSRMYMosJURxZ6Zz8bmf1kzxfDSHwqVpMgVm34UppJgTMa7k47QnKEcWKBMCzsrYT2qKUN7oZw9gje/8iLUToveefHsxiuUyjBVFg7gCE7AgwsoQRkqUAUGfXiEZ3hxEufJeXXepqUZZ9azD3/kvP8ArqOSOg==</latexit>

w1 = 0

At time ,


- receive  , compute  


- play   

<latexit sha1_base64="hrA1JPdxjOi5uhJ4c/3BTZdj5mQ=">AAAB+HicbVDLSgNBEJz1GeMjqyIIXgaDIAhhN4h6DHjJMYJ5QLKE2UlvMmR2dp2ZFeKSL/GSgyJec/QzvPkh3p08DppY0FBUddPd5cecKe04X9bK6tr6xmZmK7u9s7uXs/cPaipKJIUqjXgkGz5RwJmAqmaaQyOWQEKfQ93v3078+iNIxSJxrwcxeCHpChYwSrSR2nZOX7i41YUHxYnQuNi2807BmQIvE3dO8iX7+2N8fDSqtO3PVieiSQhCU06UarpOrL2USM0oh2G2lSiICe2TLjQNFSQE5aXTw4f4zCgdHETSlNk+VX9PpCRUahD6pjMkuqcWvYn4n9dMdHDjpUzEiQZBZ4uChGMd4UkKuMMkUM0HhhAqmbkV0x6RhGqTVdaE4C6+vExqxYJ7Vbi8c/OlMpohg07QKTpHLrpGJVRGFVRFFCXoGb2gV+vJGllv1vusdcWazxyiP7DGPxaslcg=</latexit>

t+ 1 > 2
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`t
<latexit sha1_base64="TJZ97KVJTRMlKj8d4TLWsq/Dhsk=">AAACA3icbVDJSgNBEO2JW4zbuJz00hiEeAkzIupFCHgwxwhmgSQMPZ1O0qSnZ+iuUeIQ8OKveBFUxKs/4c2jf2JnOWjig4LHe1VU1fMjwTU4zpeVmptfWFxKL2dWVtfWN+zNrYoOY0VZmYYiVDWfaCa4ZGXgIFgtUowEvmBVv3cx9Ks3TGkeymvoR6wZkI7kbU4JGMmzdzse4HOMG5L4guAGE8KD3K0Hh9izs07eGQHPEndCsoXc3ffl805S8uzPRiukccAkUEG0rrtOBM2EKOBUsEGmEWsWEdojHVY3VJKA6WYy+mGAD4zSwu1QmZKAR+rviYQEWvcD33QGBLp62huK/3n1GNpnzYTLKAYm6XhROxYYQjwMBLe4YhRE3xBCFTe3YtolilAwsWVMCO70y7OkcpR3T/LHV262UERjpNEe2kc55KJTVEBFVEJlRNE9ekQv6NV6sJ6sN+t93JqyJjPb6A+sjx/ydpl6</latexit>

gt = r`t(wt)

<latexit sha1_base64="LHnPnmh2RFpLHKFS4cu8HXxzc4I=">AAACAXicbVA9SwNBEN3zM0aNpzaCzWJQBDHciaiNEBAhZQTzAUk49jZ7yZK9D3bnDOGIjX/FxkIRW2sLWztLf4jg5qPQxAcDj/dmmJnnRoIrsKxPY2Z2bn5hMbWUXl5ZzayZ6xtlFcaSshINRSirLlFM8ICVgINg1Ugy4ruCVdzOxcCv3DCpeBhcQy9iDZ+0Au5xSkBLjrnVdRI4sPv4HHcdwIe4zoDglgOOmbVy1hB4mthjks3vfV1mvt/fio75UW+GNPZZAFQQpWq2FUEjIRI4FayfrseKRYR2SIvVNA2Iz1QjGX7Qx7taaWIvlLoCwEP190RCfKV6vqs7fQJtNekNxP+8WgzeWSPhQRQDC+hokRcLDCEexIGbXDIKoqcJoZLrWzFtE0ko6NDSOgR78uVpUj7K2Se54ys7my+gEVJoG+2gfWSjU5RHBVREJUTRLbpHj+jJuDMejGfjZdQ6Y4xnNtEfGK8/rMmZjg==</latexit>wt+1 = wt � ⌘gt

worst-case optimal

RT (u) 6
kuk2

2⌘
+

⌘

2

TX

s=1

kgtk2

if   and  ,  then setting   
<latexit sha1_base64="Qiih+sUfwX5hKkSu93AoOlQ5+9E=">AAAB+nicbVDLSgNBEOz1GeNro968DAYhp7Aroh4DHswxgpsEskuYncwmQ2YfzswqcZNP8eJBEcGTX+LNo3/i5HHQxIKGoqqb7i4/4Uwqy/oylpZXVtfWcxv5za3tnV2zsFeXcSoIdUjMY9H0saScRdRRTHHaTATFoc9pw+9fjv3GHRWSxdGNGiTUC3E3YgEjWGmpbRbcYeoOkcvpreQ4Ushpm0WrbE2AFok9I8VK6eH76v0gq7XNT7cTkzSkkSIcS9myrUR5GRaKEU5HeTeVNMGkj7u0pWmEQyq9bHL6CB1rpYOCWOjS2yfq74kMh1IOQl93hlj15Lw3Fv/zWqkKLryMRUmqaESmi4KUIxWjcQ6owwQlig80wUQwfSsiPSwwUTqtvA7Bnn95kdRPyvZZ+fTaLlaqMEUODuEISmDDOVSgCjVwgMA9PMIzvBhD48l4Nd6mrUvGbGYf/sD4+AFrKpci</latexit>

kuk 6 U
<latexit sha1_base64="OHdzOBrkkRV1C6G6TfEnWufevUM=">AAAB/HicbVDLSsNAFJ3UV62vaN25GSxCVyURUZcFF+2ygn1AE8JkOmmHTiZxZiLEtP6KGxeK6NIPcefSP3H6WGjrgQuHc+7l3nv8mFGpLOvLyK2srq1v5DcLW9s7u3vm/kFLRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7wauK374iQNOI3Ko2JG6I+pwHFSGnJM4vOqO8pZwQdRm4lQ1zBmmeWrIo1BVwm9pyUquX779r7YdbwzE+nF+EkJFxhhqTs2las3AwJRTEj44KTSBIjPER90tWUo5BIN5seP4YnWunBIBK69Pap+nsiQ6GUaejrzhCpgVz0JuJ/XjdRwaWbUR4ninA8WxQkDKoITpKAPSoIVizVBGFB9a0QD5BAWOm8CjoEe/HlZdI6rdjnlbNru1Stgxny4AgcgzKwwQWogjpogCbAIAWP4Bm8GA/Gk/FqvM1ac8Z8pgj+wPj4AdiAl+0=</latexit>

kgtk 6 G
<latexit sha1_base64="8GdL9/6QY4ZEP/Lvz9jmOIproFQ=">AAACAHicbVDJSgNBEO2JW4zbuIAHL41BiJc4I6JehICH5BghG2SG0NPpJE16FrtrhDjk4q948eCCVz/Dm0f/xM5y0MQHBY/3qqiq50WCK7CsLyO1sLi0vJJezaytb2xumds7NRXGkrIqDUUoGx5RTPCAVYGDYI1IMuJ7gtW9/vXIr98xqXgYVGAQMdcn3YB3OCWgpZa57zAg+AoX8QnOVbGjbiUkleFxy8xaeWsMPE/sKckWcvffxde9pNwyP512SGOfBUAFUappWxG4CZHAqWDDjBMrFhHaJ13W1DQgPlNuMn5giI+00sadUOoKAI/V3xMJ8ZUa+J7u9An01Kw3Ev/zmjF0Lt2EB1EMLKCTRZ1YYAjxKA3c5pJREANNCJVc34ppj0hCQWeW0SHYsy/Pk9pp3j7Pn93Y2UIJTZBGB+gQ5ZCNLlABlVAZVRFFQ/SIntGL8WA8GW/G+6Q1ZUxndtEfGB8/KUmX5Q==</latexit>

⌘ = G/(U
p
T )

RT (u) 6 UG
p
T



Decentralized OCO

Minimize joint regret         
<latexit sha1_base64="sbBM0qyQNima5pmhYif2XJGgrXw="></latexit>

RT (u) =
TX

t=1

`t(wt)� `t(u)

Given graph  , at every time step  , 
<latexit sha1_base64="nnSXEplNJ38CukJYW6OnFA0bAJY=">AAAB8XicbVA9SwNBEJ2NXzF+RVPaLAbBKtyJqGXAwpQRzAcmR9jb7CVL9vaO3T0hHPkXNhZKsPXf2FkL/g73khSa+GDg8d4M82b8WHBtHOcT5dbWNza38tuFnd29/YPi4VFTR4mirEEjEam2TzQTXLKG4UawdqwYCX3BWv7oJvNbj0xpHsl7M46ZF5KB5AGnxFjpoRsSM6RE4NtesexUnBnwKnEXpFwtTXXrO/6q94of3X5Ek5BJQwXRuuM6sfFSogyngk0K3USzmNARGbCOpZKETHvpLPEEn1qlj4NI2ZIGz9TfEykJtR6Hvu3MEuplLxP/8zqJCa69lMs4MUzS+aIgEdhEODsf97li1IixJYQqbrNiOiSKUGOfVLBPcJdPXiXN84p7Wbm4c8vVGsyRh2M4gTNw4QqqUIM6NICChCd4gVek0TOaord5aw4tZkrwB+j9B13YlH0=</latexit>

G <latexit sha1_base64="Lt6QlP6f9eDKrb2tIL6Nh6TJKfI=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7ImpnwCZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2squ7kC07Rmcr+C+4cClfv4+rX/eG40sl/tLsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zx8bp2kEkzRPanro/O1ISKjUMfVMZEt1Xi9nE/C9rJTq49FIm4kSjoLOPgoTbOrInW9tdJpFqPjRAqGRmVpv2iSRUm9vkzBHcxZX/Qv206J4Xz6puoVSGmbJwAEdwAi5cQAnKUIEaUEB4gCd4tm6tR+vFep2VZqx5zz78kvX2DcItkWA=</latexit>

t

- Adversary picks node 


- Node  picks action  


- Adversary reveals convex loss function 


- All nodes communicate with neighbors

<latexit sha1_base64="wtq+VK6vpjynuux+5DWi1BUVeRk=">AAAB6nicbZDLSgMxFIbPeK31VnUpQrAIrsqMiLosuOmyor1AO5RMmmlDM5khOSPUoY/gxoUibn0SH8GdK1/F9LLQ1h8CH/9/DjnnBIkUBl33y1laXlldW89t5De3tnd2C3v7dROnmvEai2WsmwE1XArFayhQ8maiOY0CyRvB4HqcN+65NiJWdzhMuB/RnhKhYBStdas62CkU3ZI7EVkEbwbF8tHHAzPyu9opfLa7MUsjrpBJakzLcxP0M6pRMMlH+XZqeELZgPZ4y6KiETd+Nhl1RE6s0yVhrO1TSCbu746MRsYMo8BWRhT7Zj4bm/9lrRTDKz8TKkmRKzb9KEwlwZiM9yZdoTlDObRAmRZ2VsL6VFOG9jp5ewRvfuVFqJ+VvIvS+Y1XLFdgqhwcwjGcggeXUIYKVKEGDHrwCM/w4kjnyXl13qalS86s5wD+yHn/AWd0kZ8=</latexit>nt

<latexit sha1_base64="wtq+VK6vpjynuux+5DWi1BUVeRk=">AAAB6nicbZDLSgMxFIbPeK31VnUpQrAIrsqMiLosuOmyor1AO5RMmmlDM5khOSPUoY/gxoUibn0SH8GdK1/F9LLQ1h8CH/9/DjnnBIkUBl33y1laXlldW89t5De3tnd2C3v7dROnmvEai2WsmwE1XArFayhQ8maiOY0CyRvB4HqcN+65NiJWdzhMuB/RnhKhYBStdas62CkU3ZI7EVkEbwbF8tHHAzPyu9opfLa7MUsjrpBJakzLcxP0M6pRMMlH+XZqeELZgPZ4y6KiETd+Nhl1RE6s0yVhrO1TSCbu746MRsYMo8BWRhT7Zj4bm/9lrRTDKz8TKkmRKzb9KEwlwZiM9yZdoTlDObRAmRZ2VsL6VFOG9jp5ewRvfuVFqJ+VvIvS+Y1XLFdgqhwcwjGcggeXUIYKVKEGDHrwCM/w4kjnyXl13qalS86s5wD+yHn/AWd0kZ8=</latexit>nt

<latexit sha1_base64="I09y5WnbPvT9761yCr+7zFwTToc=">AAAB/HicbVC7TsMwFHV4lvIKdERIFhUSU5V0AMZKLB0Log+pCZHjOK1Vx4lsBxSi8issDCDEygfwCWxM/ApO2wFajmTp6Jx7dY+PnzAqlWV9GUvLK6tr66WN8ubW9s6uubffkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uij87i0Rksb8WmUJcSM04DSkGCkteWblzlPQoRw6EVJD34dXN4FnVq2aNQFcJPaMVBuHH/dYsu+WZ346QYzTiHCFGZKyb1uJcnMkFMWMjMtOKkmC8AgNSF9TjiIi3XwSfgyPtRLAMBb6cQUn6u+NHEVSZpGvJ4uIct4rxP+8fqrCczenPEkV4Xh6KEwZVDEsmoABFQQrlmmCsKA6K8RDJBBWuq+yLsGe//Ii6dRr9mmtfmlXG00wRQkcgCNwAmxwBhqgCVqgDTDIwCN4Bi/Gg/FkvBpv09ElY7ZTAX9gvP8AuFqX6A==</latexit>

wt 2 Rd

<latexit sha1_base64="hFDtGc2cZIspt+QcrskD7mTptFQ=">AAACC3icbVDLSsNAFJ34rPUVdSnC0CK4KomIiquCmy6r2Ac0MUwmk3boZBJmJkIN3bvxV9y4UMSV4A+4c+WvOGkLauuBgTPn3Mu99/gJo1JZ1qcxN7+wuLRcWCmurq1vbJpb200ZpwKTBo5ZLNo+koRRThqKKkbaiSAo8hlp+f3z3G/dECFpzK/UICFuhLqchhQjpSXPLDmEMU/BM+hESPV8H15eB9BR8c/fM8tWxRoBzhJ7QsrVvbdbLNlX3TM/nCDGaUS4wgxJ2bGtRLkZEopiRoZFJ5UkQbiPuqSjKUcRkW42umUI97USwDAW+nEFR+rvjgxFUg4iX1fmC8ppLxf/8zqpCk/djPIkVYTj8aAwZVCfmgcDAyoIVmygCcKC6l0h7iGBsNLxFXUI9vTJs6R5WLGPK0cXdrlaA2MUwC4ogQNggxNQBTVQBw2AwR14AE/g2bg3Ho0X43VcOmdMenbAHxjv39TxnWQ=</latexit>

`t : Rd ! R

Hsieh et al. ’20; Cesa-Bianchi et al. ’20; Related: Decentralized Optimization and Gossip 



Special Cases

<latexit sha1_base64="+VM7dHFTMLf+9fg2wfikqj6jpLo="></latexit>

t = 1, 3, . . .
<latexit sha1_base64="hhwDSiXRZgLcZ6D6bBScBwHX8I8="></latexit>

t = 2, 4, . . .

• D-line with activation alternating at endpoints

~D/2 losses are missing at active node

• Complete graph  One single player<latexit sha1_base64="qpYxJC3uOfGwttspCfkjcjnubqw=">AAAB+HicbVC7SgNBFJ2NrxgfWbUUZDAIVmFXRO0M2KSwSMA8IAlhdjKbDJndWWbuKnFJ6VfYWChia5WvsLDzG/wJJ49CEw9cOJxzL/fe40WCa3CcLyu1tLyyupZez2xsbm1n7Z3dqpaxoqxCpZCq7hHNBA9ZBTgIVo8UI4EnWM3rX4392i1TmsvwBgYRawWkG3KfUwJGatvZ5jXzQfFuD4hS8q5t55y8MwFeJO6M5C4/RuXvh4NRqW1/NjuSxgELgQqidcN1ImglRAGngg0zzViziNA+6bKGoSEJmG4lk8OH+MgoHexLZSoEPFF/TyQk0HoQeKYzINDT895Y/M9rxOBftBIeRjGwkE4X+bHAIPE4BdzhilEQA0MIVdzcimmPKELBZJUxIbjzLy+S6knePcuflt1coYimSKN9dIiOkYvOUQEVUQlVEEUxekTP6MW6t56sV+tt2pqyZjN76A+s9x8aOpfZ</latexit>,



What happens to Gradient Descent? 

<latexit sha1_base64="kp7CXzV9mpan71b2QiNM3G/9Kog="></latexit>

RT 6 kuk2

2⌘
+

⌘

2

TX

t=1

✓
kgtk2 + 2kgtk

X

s2�(t)

kgsk
◆

Let  be the updates of oracle GD that knows all gradients 
<latexit sha1_base64="sHiAMTw1HNzPH4zIhcWfmRbE2sQ=">AAAB8HicbZDLSgMxFIYz9Vbrreqym2ARuiozItVlwU1xVcFepB2HTJq2oUlmSM4oZehTuHGhiFsfx51P4SuYXhba+kPg4//PIeecMBbcgOt+OZm19Y3Nrex2bmd3b/8gf3jUNFGiKWvQSES6HRLDBFesARwEa8eaERkK1gpHV9O89cC04ZG6hXHMfEkGivc5JWCtu8cA7rsGiA7yRbfszoRXwVtAsVqqpEHh+7oe5D+7vYgmkimgghjT8dwY/JRo4FSwSa6bGBYTOiID1rGoiGTGT2cDT/CpdXq4H2n7FOCZ+7sjJdKYsQxtpSQwNMvZ1Pwv6yTQv/RTruIEmKLzj/qJwBDh6fa4xzWjIMYWCNXczorpkGhCwd4oZ4/gLa+8Cs2zslcpn994xWoNzZVFBXSCSshDF6iKaqiOGogiiZ7QC3p1tPPsvDnv89KMs+g5Rn/kfPwA2KSTag==</latexit>

w?
t

TX

t=1

hwt � u, gti =
TX

t=1

hw?
t � u, gti+

TX

t=1

hwt � w?
t , gti

wt � w?
t = ⌘

X

s2�(t)

gsRegret of oracle GD

Natural idea: every node subtracts  for every new gradient  observed<latexit sha1_base64="cQLqCuBmezfmjYhOoK1x5wkuGtI=">AAAB7nicbZC7SwNBEMb3fMb4ilraLB4BG8OdiFoGbFJGMA9IjrC3mUuW7D3YnRPCEQRbKxsLRSSdf4+d/42bR6GJHyz8+L4Zdmb8RAqNjvNtrayurW9s5rby2zu7e/uFg8O6jlPFocZjGaumzzRIEUENBUpoJgpY6Eto+IObSd64B6VFHN3hMAEvZL1IBIIzNFbjrA3IaK9TsJ2SMxVdBncOdtkuPj0+jMfVTuGr3Y15GkKEXDKtW66ToJcxhYJLGOXbqYaE8QHrQctgxELQXjYdd0SLxunSIFbmRUin7u+OjIVaD0PfVIYM+3oxm5j/Za0Ug2svE1GSIkR89lGQSooxnexOu0IBRzk0wLgSZlbK+0wxjuZCeXMEd3HlZaifl9zL0sWta5crZKYcOSYn5JS45IqUSYVUSY1wMiDP5JW8WYn1Yr1bH7PSFWvec0T+yPr8AQsgkmw=</latexit>�⌘g <latexit sha1_base64="Wj8fXZOQidQEJ0lUxq6eajEHKFo=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZvEIWIU7EbUM2KRMwDwgCWFvM5es2XuwuyeEIwi2aSwUsYx/kp3/jZtHoYkfLPz4vhl2ZrxYcKUd59vKbGxube9kd3N7+weHR/njk7qKEsmwxiIRyaZHFQoeYk1zLbAZS6SBJ7DhDe9meeMRpeJReK9HMXYC2g+5zxnVxqr2u3nbKTpzkXVwl2CX7MLk+Wk6rXTzX+1exJIAQ80EVarlOrHupFRqzgSOc+1EYUzZkPaxZTCkAapOOh90TArG6RE/kuaFmszd3x0pDZQaBZ6pDKgeqNVsZv6XtRLt33ZSHsaJxpAtPvITQXREZluTHpfItBgZoExyMythAyop0+Y2OXMEd3XldahfFt3r4lXVtUtlWCgLZ3AOF+DCDZSgDBWoAQOECbzCm/VgvVjv1seiNGMte07hj6zPH0q2kE0=</latexit>g



Decentralized GD II
<latexit sha1_base64="kp7CXzV9mpan71b2QiNM3G/9Kog="></latexit>

RT 6 kuk2
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X
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<latexit sha1_base64="0DjhzjEX6ARytRCvPerAoU9V1zk="></latexit>

RT (u) 6
kuk2

2⌘
+

⌘

2
G2

TX

t=1

(1 + 2|�(t)|) 6 kuk2

2⌘
+

⌘

2
G2(2D(G)� 1)T

<latexit sha1_base64="PUO7NQlisllmUGZIrSu40GnUnl4=">AAACEnicbVC7SgNBFJ31GeNrfXQ2g0HYFIZdEbUMKGgZwcRANoS7k9k4OLO7zswKcZNvsPE77GwsFLG1srP0T5wkFho9MHA4517m3BMknCntuh/WxOTU9Mxsbi4/v7C4tGyvrNZUnEpCqyTmsawHoChnEa1qpjmtJ5KCCDg9Dy4PB/75NZWKxdGZ7ia0KaATsZAR0EZq2cWe3wEhwNFF3MM+p1eKQ6TxkeML0BcEOD4u4m3s4ZZdcEvuEPgv8b5JoezcfB7fr2eVlv3ut2OSChppwkGphucmupmB1Ixw2s/7qaIJkEvo0IahEQiqmtnwpD7eMkobh7E0z8QZqj83MhBKdUVgJgc51bg3EP/zGqkOD5oZi5JU04iMPgpTjnWMB/3gNpOUaN41BIhkJismFyCBaNNi3pTgjZ/8l9R2St5eaffUK5RP0Ag5tIE2kYM8tI/K6ARVUBURdIse0BN6tu6sR+vFeh2NTljfO2voF6y3L/oynsQ=</latexit>

|�(t)| 6 D(G)� 1At most  gradients are missing
<latexit sha1_base64="FzF8hinFo4fikeS0AX7AulGYC6c=">AAAB+nicbVDLSgMxFL3js9bXVN25CRahLiwzIuqyoNAuK9gHtEPJpJk2NPMgySh17Ke4caGI4MovcefSPzHTdqGtBwKHc+7lnhw34kwqy/oyFhaXlldWM2vZ9Y3NrW0zt1OXYSwIrZGQh6LpYkk5C2hNMcVpMxIU+y6nDXdwmfqNWyokC4MbNYyo4+NewDxGsNJSx8xdFdo+Vn2COSofoWNkd8y8VbTGQPPEnpJ8qXD/XX7fS6od87PdDUns00ARjqVs2VaknAQLxQino2w7ljTCZIB7tKVpgH0qnWQcfYQOtdJFXij0CxQaq783EuxLOfRdPZnGlLNeKv7ntWLlXTgJC6JY0YBMDnkxRypEaQ+oywQlig81wUQwnRWRPhaYKN1WVpdgz355ntRPivZZ8fTazpcqMEEG9uEACmDDOZSgAlWoAYE7eIRneDEejCfj1XibjC4Y051d+APj4wfboZV4</latexit>

D(G)� 1

RT 6⇠ UG
p
D(G)T worst-case optimal



Worst-case Activation Sequence

t = 2t = 1 t = 3 t = 4 t = 5
t = 6

Adversary can play the same gradients D / 2 times 

Theorem: For any graph, for any algorithm, there exists an activation sequence

and losses such that

max
kuk6U

RT > c UG
p

TD(G)

Proof: Pick a maximal-length path



But might be suboptimal for specific cases

• Recall the line


• Ignoring missing gradients: 


• But ignoring missing gradients is bad in general (up to  )

<latexit sha1_base64="t+qr42HJeJaFRbInLf5mb+AHTok="></latexit>

RT 6 UG
p
2T ⌧ UG

p
D(G)T

<latexit sha1_base64="DAnieE9Qy3B5FXKRgijHuThhl4M=">AAACAXicbVDLSsNAFJ3UV62vqBvRzWARRLAkIuqy4MKupELTFppQJtNJO3TycGYilLRu/BU3LhRx60o/wZWu/BUnbRfaeuDC4Zx7ufceN2JUSMP40jIzs3PzC9nF3NLyyuqavr5RFWHMMbFwyEJed5EgjAbEklQyUo84Qb7LSM3tnqd+7YZwQcOgInsRcXzUDqhHMZJKaupb1gW0xTWXSd/2kexgxOBlH1YGTT1vFIwh4DQxxyRfPHx/O/jc/i439Q+7FeLYJ4HEDAnRMI1IOgnikmJGBjk7FiRCuIvapKFogHwinGT4wQDuKaUFvZCrCiQcqr8nEuQL0fNd1ZleKSa9VPzPa8TSO3MSGkSxJAEeLfJiBmUI0zhgi3KCJespgjCn6laIO4gjLFVoORWCOfnyNKkeFcyTwvGVmS+WwAhZsAN2wT4wwSkoghIoAwtgcAvuwSN40u60B+1Zexm1ZrTxzCb4A+31By50mnw=</latexit>

UG
p

|N |T

<latexit sha1_base64="+VM7dHFTMLf+9fg2wfikqj6jpLo="></latexit>

t = 1, 3, . . .
<latexit sha1_base64="hhwDSiXRZgLcZ6D6bBScBwHX8I8="></latexit>

t = 2, 4, . . .

 How to adapt to the activation sequence?



Theorem : There is an algorithm for Decentralized-OCO s.t. for user-specified  
 

      for any   ,  and 


<latexit sha1_base64="NL+0Ud0HJNUUdIl1Wq7Rj6yh2Gs=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIioIUnTTZUV7gTqUTJppQ5PMkGSEMhR8ATcuFHHru7h35zuIO/eml4W2/hD4+P9zyDkniDnTxnU/nMzc/MLiUnY5t7K6tr6R39yq6ShRhFZJxCPVCLCmnElaNcxw2ogVxSLgtB70LoZ5/ZYqzSJ5bfox9QXuSBYygo21rs7P3Fa+4BbdkdAseBMolODr+/Pu7bTSyr/ftCOSCCoN4VjrpufGxk+xMoxwOsjdJJrGmPRwhzYtSiyo9tPRqAO0Z502CiNlnzRo5P7uSLHQui8CWymw6erpbGj+lzUTE574KZNxYqgk44/ChCMToeHeqM0UJYb3LWCimJ0VkS5WmBh7nZw9gje98izUDoreUfHw0iuUyjBWFnZgF/bBg2MoQRkqUAUCHbiHR3hyuPPgPDsv49KMM+nZhj9yXn8ArcSR5Q==</latexit>

B > 0
<latexit sha1_base64="CEU9AyUc//tBqAdH1muN5uBurfc="></latexit>

RT (u) 6 kukG

s

D(G)T log

✓
1 +

TGkuk
B

◆
+B

<latexit sha1_base64="2TyVh7yFbu2qdS4j8SsDk0ND7Ac=">AAAB+nicbVC7SgNBFL3rM8ZXoqXNYBCswq6ICjYBm5RRzAOya5idnSRDZmeXmVklrAF/xMZCEVv/wd7OfxA7eyePQhMPDBzOuZd75vgxZ0rb9oc1N7+wuLScWcmurq1vbObyWzUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+72zoV+/plKxSFzqfky9EHcEazOCtZFauXyCXCaQG2Ld9X10cRW0cgW7aI+AZokzIYUSfH1/3r2dVlq5dzeISBJSoQnHSjUdO9ZeiqVmhNNB1k0UjTHp4Q5tGipwSJWXjqIP0J5RAtSOpHlCo5H6eyPFoVL90DeTw4hq2huK/3nNRLdPvJSJONFUkPGhdsKRjtCwBxQwSYnmfUMwkcxkRaSLJSbatJU1JTjTX54ltYOic1Q8PDdtlGGMDOzALuyDA8dQgjJUoAoEbuAeHuHJurUerGfrZTw6Z012tuEPrNcfP4KX1w==</latexit>

u 2 Rd <latexit sha1_base64="gKWYyQk6KHTVuPWIVXqPHAu5r2U=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozIioIUnDTZYXeoC0lk2ba0CQzJBmhDAWfwI0LRdz6LO7d+Q7izr2Ztgtt/SHw8f/nkHOOH3Gmjet+OJml5ZXVtex6bmNza3snv7tX12GsCK2RkIeq6WNNOZO0ZpjhtBkpioXPacMfXqd545YqzUJZNaOIdgTuSxYwgk1qVdGV280X3KI7EVoEbwaFEnx9f969XVa6+fd2LySxoNIQjrVueW5kOglWhhFOx7l2rGmEyRD3acuixILqTjKZdYyOrNNDQajskwZN3N8dCRZaj4RvKwU2Az2fpeZ/WSs2wUUnYTKKDZVk+lEQc2RClC6OekxRYvjIAiaK2VkRGWCFibHnydkjePMrL0L9pOidFU9vvEKpDFNl4QAO4Rg8OIcSlKECNSAwgHt4hCdHOA/Os/MyLc04s559+CPn9QcfO5Ih</latexit>

T > 0
<latexit sha1_base64="WsaiqQscY3/DNi4xPjQEUVFMubY=">AAAB8nicbVDLSgNBEOz1GeMrmqOXwSB4Crsi6jHgwRwjmAdsljA7mU2GzM4sM7NCWPIZXjz4wKtf482z4Hc4m+SgiQUNRVU3Xd1hwpk2rvvprKyurW9sFraK2zu7e/ulg8OWlqkitEkkl6oTYk05E7RpmOG0kyiK45DTdji6zv32PVWaSXFnxgkNYjwQLGIEGyv53RibIcEcoZteqeJW3SnQMvHmpFIrv+j2d/LV6JU+un1J0pgKQzjW2vfcxAQZVoYRTifFbqppgskID6hvqcAx1UE2jTxBJ1bpo0gqW8Kgqfp7IsOx1uM4tJ15RL3o5eJ/np+a6CrImEhSQwWZLYpSjoxE+f2ozxQlho8twUQxmxWRIVaYGPulon2Ct3jyMmmdVb2L6vmtV6nVYYYCHMExnIIHl1CDOjSgCQQkPMATPDvGeXRenbdZ64oznynDHzjvP7bElKc=</latexit>

G

Comparator-Adaptive Algorithms
also called parameter-free, or model selection type-bounds

In particular,  
<latexit sha1_base64="abpe04y7kecLOrQKZnGRGCX2m4Q=">AAAB+3icbVDLSgNBEJyNrxhfa/TmZTAI8RJ2RdRj0IM5RskLkmWZnfQmQ2YfzsyKccmvePGgiHjzR7x59E+cJB40saChqOqmu8uLOZPKsj6NzMLi0vJKdjW3tr6xuWVu5xsySgSFOo14JFoekcBZCHXFFIdWLIAEHoemN7gY+81bEJJFYU0NY3AC0guZzyhRWnLN/LVbK1qHuMPhRnISKnzumgWrZE2A54n9Qwrl4v3X5dtuWnXNj043okkAoaKcSNm2rVg5KRGKUQ6jXCeREBM6ID1oaxqSAKSTTm4f4QOtdLEfCV16+0T9PZGSQMph4OnOgKi+nPXG4n9eO1H+mZOyME4UhHS6yE84VhEeB4G7TABVfKgJoYLpWzHtE0Go0nHldAj27MvzpHFUsk9Kx1c6jQqaIov20D4qIhudojKqoCqqI4ru0AN6Qs/GyHg0XozXaWvG+JnZQX9gvH8DexqWeQ==</latexit>

RT (0) 6 B

The simpler the comparator is, the smaller the regret bound

In OCO: McMahan Streeter ‘12;  Orabona; Cutkosky;  Koolen, Mhammedi  and van Erven ’19; Foster et al. ’18;



- Each node keeps two algorithms: 
 

: iterates of  
: iterates of  

- and active node  plays     

<latexit sha1_base64="OJq/GqTzVPxgZb97xYvyHnQp3b8=">AAAB8HicbZDLTgIxFIY7XhFvoEs2jYQEN2TGGHVJ4kKWmMjFwEA6pUBD25m0ZzRkwlO4caExbn0cd76LC8tloeCfNPny/+ek55wgEtyA6345a+sbm1vbqZ307t7+wWEme1Q3Yawpq9FQhLoZEMMEV6wGHARrRpoRGQjWCEbX07zxwLThobqDccR8SQaK9zklYK37xy50kuLN6aSbybsldya8Ct4C8uVirhB+ZzvVbuaz3QtpLJkCKogxLc+NwE+IBk4Fm6TbsWERoSMyYC2Likhm/GQ28AQXrNPD/VDbpwDP3N8dCZHGjGVgKyWBoVnOpuZ/WSuG/pWfcBXFwBSdf9SPBYYQT7fHPa4ZBTG2QKjmdlZMh0QTCvZGaXsEb3nlVaiflbyL0vmtly9X0FwplEMnqIg8dInKqIKqqIYokugJvaBXRzvPzpvzPi9dcxY9x+iPnI8fqSmSmg==</latexit>

w(G)
t

<latexit sha1_base64="/jaSCCRJMi2mU4OYe0fmAxfotMQ=">AAACAHicbZDJSgNBEIZr4hbjNi7gwUtjEOIlzIiox4iH5BjBLJAMoafTkzTpWejuEeKQi6/ixYMLXn0Mbx59E3uSIJr4Q8PHX1V01e9GnEllWZ9GZmFxaXklu5pbW9/Y3DK3d+oyjAWhNRLyUDRdLClnAa0ppjhtRoJi3+W04Q6u0nrjlgrJwuBGDSPq+LgXMI8RrLTVMffbPlZ9gjm6RIUfLh93zLxVtMZC82BPIV8q3H2VX/aSasf8aHdDEvs0UIRjKVu2FSknwUIxwuko144ljTAZ4B5taQywT6WTjA8YoSPtdJEXCv0Chcbu74kE+1IOfVd3pivK2Vpq/ldrxcq7cBIWRLGiAZl85MUcqRClaaAuE5QoPtSAiWB6V0T6WGCidGY5HYI9e/I81E+K9lnx9NrOlyowURYO4BAKYMM5lKACVagBgRE8wBM8G/fGo/FqvE1aM8Z0Zhf+yHj/BjLKmIk=</latexit>

A(G)
<latexit sha1_base64="NkFVSewLks83SsjQJPAzygY5g6A=">AAAB8nicbZDLSsNAFIYnXmu9tbrsJlgKdVMSEXVZcNNlBXuBNC2T6aQdOpkJMydKCXkMNy4UcevTuPNdXDi9LLT1h4GP/z+HOecEMWcaHOfL2tjc2t7Zze3l9w8Oj44LxZO2lokitEUkl6obYE05E7QFDDjtxoriKOC0E0xuZ3nngSrNpLiHaUz9CI8ECxnBYCzvcQD9tJqK7DwbFMpOzZnLXgd3CeV6tVSR38V+c1D47A0lSSIqgHCstec6MfgpVsAIp1m+l2gaYzLBI+oZFDii2k/nI2d2xThDO5TKPAH23P3dkeJI62kUmMoIw1ivZjPzv8xLILzxUybiBKggi4/ChNsg7dn+9pApSoBPDWCimJnVJmOsMAFzpbw5gru68jq0L2ruVe3yzi3XG2ihHCqhM1RFLrpGddRATdRCBEn0hF7QqwXWs/VmvS9KN6xlzyn6I+vjB65lk80=</latexit>

w(n)
t

<latexit sha1_base64="oq2g1ZdhhW39X+Z63B70Hn8nOpE=">AAAB/3icbVC7SgNBFL3rM8ZXfGBjMxiE2IRdEbWMWJgygnlAdgmzk9lkyOzsMjMrxDWFv2JjoQRbf8PO0j9x8ig08cDA4Zx7uWeOH3OmtG1/WQuLS8srq5m17PrG5tZ2bme3pqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/dz3y6/dUKhaJO92PqRfijmABI1gbqZU7cEOsuwRzdIUKyE2RQO4AnbRyebtoj4HmiTMl+VLh4ftmuJ9WWrlPtx2RJKRCE46Vajp2rL0US80Ip4OsmygaY9LDHdo0VOCQKi8d5x+gY6O0URBJ84RGY/X3RopDpfqhbyZHadWsNxL/85qJDi69lIk40VSQyaEg4UhHaFQGajNJieZ9QzCRzGRFpIslJtpUljUlOLNfnie106JzXjy7dfKlMkyQgUM4ggI4cAElKEMFqkDgEZ7hFd6sJ+vFGlrvk9EFa7qzB39gffwAfsaXgA==</latexit>

A({n})

<latexit sha1_base64="wtq+VK6vpjynuux+5DWi1BUVeRk=">AAAB6nicbZDLSgMxFIbPeK31VnUpQrAIrsqMiLosuOmyor1AO5RMmmlDM5khOSPUoY/gxoUibn0SH8GdK1/F9LLQ1h8CH/9/DjnnBIkUBl33y1laXlldW89t5De3tnd2C3v7dROnmvEai2WsmwE1XArFayhQ8maiOY0CyRvB4HqcN+65NiJWdzhMuB/RnhKhYBStdas62CkU3ZI7EVkEbwbF8tHHAzPyu9opfLa7MUsjrpBJakzLcxP0M6pRMMlH+XZqeELZgPZ4y6KiETd+Nhl1RE6s0yVhrO1TSCbu746MRsYMo8BWRhT7Zj4bm/9lrRTDKz8TKkmRKzb9KEwlwZiM9yZdoTlDObRAmRZ2VsL6VFOG9jp5ewRvfuVFqJ+VvIvS+Y1XLFdgqhwcwjGcggeXUIYKVKEGDHrwCM/w4kjnyXl13qalS86s5wD+yHn/AWd0kZ8=</latexit>nt

<latexit sha1_base64="taIhPouv9j+ERdbzpbivDF7KRQc=">AAACCXicbVC7SgNBFJ2NrxhfiZZpBkMgQQi7ImoZsDBlBPOAPJbZySQZMju7zNxVwpLWxl+xsVDE1j+w818snDwKTTwwcOace7n3Hi8UXINtf1mJtfWNza3kdmpnd2//IJ05rOsgUpTVaCAC1fSIZoJLVgMOgjVDxYjvCdbwRldTv3HHlOaBvIVxyDo+GUje55SAkdw0vnehGxekC8UJPln82j6BISUCXxcnbjpnl+wZ8CpxFiRXLmTzwXemW3XTn+1eQCOfSaCCaN1y7BA6MVHAqWCTVDvSLCR0RAasZagkPtOdeHbJBOeN0sP9QJknAc/U3x0x8bUe+56pnO6ol72p+J/XiqB/2Ym5DCNgks4H9SOBIcDTWHCPK0ZBjA0hVHGzK6ZDoggFE17KhOAsn7xK6qcl57x0duPkyhU0RxJl0TEqIAddoDKqoCqqIYoe0BN6Qa/Wo/VsvVnv89KEteg5Qn9gffwAJumbpA==</latexit>

w(nt)
t + w(G)

t

Iterate Addition
Back to the line example

Cutkosky ’19



Iterate Addition II

TX

t=1

hw(nt)
t , gti+

TX

t=1

hw(G)
t � u, gti

TX

t=1

hw(nt)
t � u, gti+

TX

t=1

hw(G)
t , gti

X

n2N
R|{n}(0) +RT (u)

X

n2N
R|{n}(u) +RT (0)

|N |B + kukG

s

D(G)T log

✓
1 +

TkukG
B

◆
+B

X

n2N
kukG

s

T (n) log

✓
1 +

T (n)kukG
B

◆
+ |N |B +B

Adding iterates guarantees both

(almost) worst-case optimal better when only one node is selected



More generally
Learning as well as the best -partition

<latexit sha1_base64="+WK4yCpJwJRQBJcdUBySENTposk=">AAAB8XicbVDLSgMxFL1TX7W+qoIbN8EiuCozIuqy4EZw04J9YDuUTJq2oZlkSDJCGQr+g25cKOLWveBvuPNvzExdaOuByz2cc0POvUHEmTau++XkFhaXllfyq4W19Y3NreL2TkPLWBFaJ5JL1QqwppwJWjfMcNqKFMVhwGkzGF2kfvOWKs2kuDbjiPohHgjWZwQbK910QmyGBHNU6xZLbtnNgOaJ90NKlb2J9/Eu76vd4menJ0kcUmEIx1q3PTcyfoKVYYTTSaETaxphMsID2rZU4JBqP8kST9ChVXqoL5UtYVCm/n6R4FDrcRjYyTShnvVS8T+vHZv+uZ8wEcWGCjL9qB9zZCRK10c9pigxfGwJJorZrIgMscLE2CMV7BG82ZXnSeO47J2WT2peqXJ1BxnysA8HcAQenEEFLqEKdSAg4AGe4NnRzqPz4rxOR3POtMMu/IHz9g3nI5SJ</latexit>

Q

• Given a collection of subgraphs  play 
 
          


• For any partition  of the graph made of elements in 

<latexit sha1_base64="RmHw8Zq/0Al/HgROHZxEZpkclVg=">AAAB8XicbVA9SwNBEJ2LXzF+RVPaLAbBKtyJqGXAJmUC5gOTI+xt9pIle3vL7p4QjvwLGwsl2Ppv7KwFf4d7SQpNfDDweG+GeTOB5Ewb1/10chubW9s7+d3C3v7B4VHx+KSl40QR2iQxj1UnwJpyJmjTMMNpRyqKo4DTdjC+y/z2I1WaxeLeTCT1IzwULGQEGys99CJsRgRz1OgXy27FnQOtE29JytXSTLe/5Ve9X/zoDWKSRFQYwrHWXc+Vxk+xMoxwOi30Ek0lJmM8pF1LBY6o9tN54ik6t8oAhbGyJQyaq78nUhxpPYkC25kl1KteJv7ndRMT3vopEzIxVJDFojDhyMQoOx8NmKLE8IklmChmsyIywgoTY59UsE/wVk9eJ63LindduWp45WoNFsjDKZzBBXhwA1WoQR2aQEDAE7zAq6OdZ2fmvC1ac85ypgR/4Lz/AG0AlIc=</latexit>

Q

<latexit sha1_base64="HE2I7iyqYARluuCR8hMyYPyNFSM=">AAAB9XicbVDLSgMxFL3js9ZXfezcBIvQVZkRUZcFQbusYB/QGUsmzbShmcyQZJQ69D/cuFDEpf6LO5f+iZm2C209EDiccy/35PgxZ0rb9pe1sLi0vLKaW8uvb2xubRd2dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9AcXmd+8o1KxSNzoYUy9EPcECxjB2ki3buqGWPcJ5ujSHXUKRbtsj4HmiTMlxUrp4fvqfT+tdQqfbjciSUiFJhwr1XbsWHsplpoRTkd5N1E0xmSAe7RtqMAhVV46Tj1CR0bpoiCS5gmNxurvjRSHSg1D30xmGdWsl4n/ee1EB+deykScaCrI5FCQcKQjlFWAukxSovnQEEwkM1kR6WOJiTZF5U0JzuyX50njuOyclk+uTRtVmCAHB3AIJXDgDCpQhRrUgYCER3iGF+veerJerbfJ6II13dmDP7A+fgCoK5Wk</latexit>

{F}
<latexit sha1_base64="V57d/8mNpG7KRP3xFgi8gi5Gcdg=">AAAB8XicbVDLSgMxFL1TX7W+ql26CRbBVZkRUZcFN122YB/YDiWTZtrQTDIkGaEM/Qs3LpTi1r9x51rwO8y0XWjrgcDhnHvJuSeIOdPGdT+d3Mbm1vZOfrewt39weFQ8PmlpmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+O7zG8/UqWZFPdmElM/wkPBQkawsdJDL8JmRDBHjX6x7FbcOdA68ZakXC3NdPs7/qr3ix+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XSeeIrOrTJAoVT2CYPm6u+NFEdaT6LATmYJ9aqXif953cSEt37KRJwYKsjiozDhyEiUnY8GTFFi+MQSTBSzWREZYYWJsSUVbAne6snrpHVZ8a4rVw3bRg0WyMMpnMEFeHADVahBHZpAQMATvMCro51nZ+a8LUZzznKnBH/gvP8AbLCUhg==</latexit>

Q

wt =
X

H2Q

wH

t 1{nt 2 H}

RT (u) 6
X

F
R|F (u) +

�
|Q|� |{F}|

�
B

6 kukG
X

F

s

D(F)T (F) log

✓
1 +

T (F)kukG
B

◆
+ |Q|B



More generally
Learning as well as the best -partition

<latexit sha1_base64="+WK4yCpJwJRQBJcdUBySENTposk=">AAAB8XicbVDLSgMxFL1TX7W+qoIbN8EiuCozIuqy4EZw04J9YDuUTJq2oZlkSDJCGQr+g25cKOLWveBvuPNvzExdaOuByz2cc0POvUHEmTau++XkFhaXllfyq4W19Y3NreL2TkPLWBFaJ5JL1QqwppwJWjfMcNqKFMVhwGkzGF2kfvOWKs2kuDbjiPohHgjWZwQbK910QmyGBHNU6xZLbtnNgOaJ90NKlb2J9/Eu76vd4menJ0kcUmEIx1q3PTcyfoKVYYTTSaETaxphMsID2rZU4JBqP8kST9ChVXqoL5UtYVCm/n6R4FDrcRjYyTShnvVS8T+vHZv+uZ8wEcWGCjL9qB9zZCRK10c9pigxfGwJJorZrIgMscLE2CMV7BG82ZXnSeO47J2WT2peqXJ1BxnysA8HcAQenEEFLqEKdSAg4AGe4NnRzqPz4rxOR3POtMMu/IHz9g3nI5SJ</latexit>

Q



What’s more
In the paper
• Adapt to small gradients 


• Limited communication bandwidth: nodes can send -bit messages
<latexit sha1_base64="aYn5xSOoM/5uAsvg6f/CGyrs+eg=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7ImpnwCZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6qCTLzhFZyr7L7hzKFy9j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg0kuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/XTontePKu6hVIZZsrCARzBCbhwASUoQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN7SJkVc=</latexit>

k

• Relax the synchronisation assumptions


• Study more in depth more efficient ways to communicate gradients


• Computational complexity? Reducing the number of algorithms maintained?

In the future




where  

<latexit sha1_base64="wg0QUYNMLoxBy7Ns2QoR8odpyoY="></latexit>

RT (u) 6⇠ kuk
✓s

⇤T ln

✓
1 +

kuk⇤T

B

◆
+D(G)G

◆
+B

<latexit sha1_base64="y1Hqn/+KTn6G8LFPWmKHPpn3PlY="></latexit>

⇤T =
TX

t=1

kgtk2 + 2kgtk
X

s2�(t)

kgsk




